The breakup of KAM tori in four-dimensional symplectic maps is studied. KAM tori are constructed explicitly by conjugation theory, and the successive steps leading to their breakup is analytically determined for two cases in which rotation vectors are cubic and quadratic. The present paper is motivated by the observation of Boltt and Meiss (Physica D66(1993), 282), but our result differs significantly from their conjecture, because it suggests that the rational approximation does not work in cases with many degrees of freedom. The succession to the breakup depends on the perturbations which determine the dominant type of small divisors in the conjugation function. §1. Introduction
§1. Introduction
It is a fundamental problem in Hamiltonian dynamics to elucidate the breakup process of invariant tori, of which mechanism is strongly correlated to the transitions from predictable motion to chaotic motion. This problem is also interesting from a practical point of view; one of the most striking phenomena in Hamiltonian dynamical systems is the universality of the fv spectral chaos, which is surmised to be the origin of the long time fluctuations in quartz oscillators. 1),2) Generally speaking, very sticky motion is generated in the hierarchical dynamical structures of islands around islands. This stagnant motion in nearly-integrable systems should be explained in relation to the breakup process of high-dimensional KAM tori.
In the case of two degrees of freedom, self-similar-like phase space structures and remarkable universal scaling properties have been discovered since the pioneering work by Greene, and the renormalization technique has been developed toward the criticality of the last KAM tori.
3 ),4) Now, the scaling theories for critical perturbations 5 ) and for sub-critical breakup 6) are well established. However, in the highdimensional case (more than two degrees offreedom) such kinds of scaling laws do not exist. 7) Although complicated behavior of renormalization dynamics at the breakup point is reported, details of such behavior are not yet been well understood. 8) The purpose of this paper is to study the breakup mechanism of high-dimensional KAM tori. We deal with four-dimensional symplectic maps which correspond to the section surfaces of Hamiltonian flow with three degrees of freedom, and we construct power series of conjugacy for the KAM tori with given rotation numbers. Our approach is the same as that used previously.9), lO) The key concept in the conjugacy technique toward the breakup of KAM tori is the rational approximation of irrational numbers, where the dynamics of small scale near the breakup is considered to be determined by only one asymptotic property of a rotation number. 4) In the case of two degrees of freedom, the rotation number of the most robust tori is believed to be a quadratic number ,),-1 = (J5 -1)/2, which is consistent not only with the KAM theory but also with many numerical calculations. 3 ),9) If we expect to obtain some universal laws near the last KAM, the rotation number for the most robust KAM must be determined under the twist conditions.
The case of three degrees of freedom is characterized by the rotation vector (Wl,W2) with two components. How can we characterize the rotation vectors for the most robust KAM? How can we obtain the rational approximation for the vector rotation numbers (WI, W2)? The most robust torus is obtained from the irrational rotation vector that is most difficult to approximate by rational vectors. There are a few schemes of rational approximation so far, but the best solution for these questions is not yet known. 11) The Kim-Ostlund tree and the Jacobi-Perron algorithm are used frequently in the literature. 12),13) Each scheme proposed so far is a kind of generalization of ,)" and the target vectors are combinations of cubic irrationals. In this paper, we study three cases for the target vectors corresponding to irrational KAM tori, (a) the spiral mean ((j-2,(j-l), (b) the cubic vector (7-2 ,7-1 ) and (c) the quadratic vector (')', (), though they might not correspond to the last KAM in the global sense. The spiral mean is the generalization of the golden mean for the KimOstlund tree ((j is the real root of (j3 -(j -1 = 0).12) The number 7 = 2 cos(271-j7) is the real root of 7 3 + 7 2 -27 -1 = 0, which is a candidate for the most robust vector. 11) ')' is one real root of ')'2 -')' -1 = 0, and ( = (1 + v'2)/(5 + 4v'2) is one real root of 7(2 -6( + 1 = O.
We do not insist in this paper that the most robust tori in the case of three degrees of freedom have cubic rotation vectors. However, the simple idea that good cubic vectors are more robust than quadratic ones seems to be quite natural. On the other hand, Boltt and Meiss observed that the tori with quadratic rotation vector (,)" () is more robust than the spiral mean tori (the vector ((j, (j2) is used there) for four-dimensional semi-standard maps. 10) Their results seem to be significant, because the rational approximation theory may go further based on their discovery.
We obtained the same results as Boltt and Meiss for a special perturbation, but the result is quite the opposite for another perturbation. This implies that the robustness of KAM tori sensitively depends on the nature of perturbations, especially in high-dimensional dynamical systems. This remarkable change is caused by the difference in the dominant resonance of small divisors. This paper will rigorously explain this conclusion by means of the detailed analysis of small divisors in the conjugation functions. §2.
Conjugacy
We study the Froeschle mapping, 14) i.e., 4-dimensional symplectic maps M<:
7f 27f
where x = (Xll X2) and Y = (Yll Y2) are coordinates, and ki(i = 1, 2, 3) are parameters. In this paper we fix the parameters as E = kl = k3 and k2 = c€. Here E stands for the smallness parameter, and C = 0.3 is fixed in what follows. Consider the rigid rotations Tw on T2 defined by iP:
The embedding iP is written as 
There exists a KAM torus in Eq. (1) with a rotation vector w if there exists the analytic conjugation function u which satisfies Eq. (5). Now we look for the conjugation in the analytic functional class. §3. Construction of tori and small divisor According to the usual notation in the conjugation technique,9) we obtain the equations
from Eqs. (1) and (4), where
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Since u is 21f-periodic in 0, the Fourier expansion
follows.
In the limit of small E, the recursions relations are rewritten into
The operator D'i; cancels by multiplying each term on the r.h.s. of Eq. (8) by the factor (2(cos(21fhw l + 21fkw2) -1))~1 because of (9) By solving the equations in Eq. (8) successively, the KAM torus with the rotation vector W can be uniquely constructed from u. Intuitively, the result mentioned above is quite general, and it is completely explained by the nonlinearity of Eq. (1). Boltt and Meiss's observation is consistent with the case for small c. 10) In the following section we show the more detailed process of the breakup based on the conjugacy analysis. §4. Breakup of KAM tori
Here we study two different types of tori with the quadratic vector (,,(, () and the cubic vector (T-2 , T-1 ). As the invariant KAM torus is conjugate to T2, it intersects the plane (Xl, X2) = (0,0). This is trivial from the topological nature of the curves Xi = 0 (one of the real lines on r is shown in Fig. 1 ). Thus the invariant tori can be characterized by the initial point (Yl, Y2) on that plane. These characteristic curves are obtained from Eq. (7) by substituting (0 1 , ( 2 ) = (0,0). In the following analysis, the higher order terms (n 2: 11) in Eq. (7) will be truncated. The solid lines in Fig. 2 of the series expansion is justified by the criterion function R which depends on the parameter f,
When the value of R is sufficiently small, approximation by a finite series truncation is plausible due to Eq. (6). Figure  3 is an example for C = 0.3. Though the criterion function R reveals rapid enhancement for f;:: 0.02, the conjugation analysis reproduces the correct form of the target torus for a wide parameter region f » 0.02, as is shown in Fig. 2 . This is an unexpected result for us. We do not have a reasonable explanation for this result still now, but we can surmise that the enhancement of the criterion function R is nothing but a sufficient condition for the breakup of the target torus, and that is not a necessary one. Furthermore, we can expect that the breakdown of the KAM condition is correlated to the divergence of the criterion function R. We can derive the following important results from Fig. 2 :
(for c = 0.003) (12) where €~ and €~ represent the breakup threshold by the perturbations for the quadratic and the cubic rotation vectors, respectively. The results shown in Eq. (12) are consistent with the theoretical conclusion discussed in the last part of § 3.
The most efficient method to determine the breakup point of invariant tori is Tompaidis's technique,16) where the divergence of eigenvalues of the monodromy matrix can be used as the indicator of the breakup, i.e., the existence of tori suppresses the growth of the eigenvalues for long periodic orbits neighboring KAM tori. The results given in Eq. (12) can also be obtained by Tompaidis's technique from Fig. 4 , where we analyze the sequence of periodic points converging to the KAM torus, and the Kim-Ostlund tree is used for the successive rational approximations.
Rotation vectors (El, ~) of periodic orbits used in Fig. 4 are the 27th, 29th respectively for these approximations. Initial points of the orbits are put on the plane (Xl' X2) = (0,0). In Fig. 4 , A = max{IAjl -1, (j = 1,···, 4)}, where Aj are the eigenvalues of the monodromy matrix T at all periodic points (Xi, yi) with q-periodicity for i = 1,2,· .. , q,
Tompaidis's criterion asserts that the KAM tori exist if A remains finite for large q and 2:i=1,2Iwiq-Pil is sufficiently small. Thus, the rapid divergence of A as is shown in Fig. 4 implies the breakup of the KAM tori under consideration.
It is well known that the scaling properties in the residue-convergence completely determine the breakup point of the last KAM in the low-dimensional case, 3) so that and the scaling relations enable us to obtain a clear estimation of the breakup point. However, in the case of Eq. (1), the topology of periodic orbits must be taken into consideration to obtain such scaling properties, because the stability type of orbits depends not only on the parity but also the symmetry plane where the initial point is placed (see Table 1 of Ref . 17)). We must know such topological structures in high-dimensional space in order to obtain a more precise estimation of the breakup thresholds, but such problems are beyond the present paper which deals with the conjugacy analysis. In any case, we can confirm the general conclusions of Eq. (12) from Fig. 4 . §5. Geometrical structure of whiskered tori
We have discussed so far the series approximations of conjugation functions, but not explained convergence. Here we determine the stability limit of KAM tori above which the series expansion of the conjugation theory is not guaranteed. Furthermore, we determine the region for the breakup tori in phase space precisely by computer calculations. The results enable us to understand the distribution of whiskered tori in high-dimensional space.
Let us describe the torus on the section surface Xl = X2 = 0 as was used in Fig. 2 and (7-2 ,7- justified only in regions which are covered by the regular contour lines in Fig. 5 . On the other hand, orbits in the erratic regions are topologically unstable, and they can randomly diffuse along these erratic regions just like Arnold diffusion. In other words, the erratic regions in Fig. 5 reveal the global structures of whiskers for destabilized tori. That is to say, the erratic regions are the topologically transitive chains of whiskered tori. §6. Discussion
We studied the breakup of KAM tori in four-dimensional symplectic maps, and several KAM tori are constructed explicitly by the conjugation technique. The asymptotic analysis of periodic orbits are consistent with the results obtained by the conjugation analysis in all cases. Furthermore, the global features of KAM tori in the Froeschle map are precisely characterized by the distribution of rotation vectors on the symmetry plane (Yl, Y2) at (Xl, X2) = (0,0).
In the case of the Froeschle map, the succession to the breakup depends on the intensity of the perturbation, as shown in Eq. (12) . This interesting result is caused by the change of the dominant small divisors in conjugation functions. The result for small c perturbations is consistent with the previous one. 10) If c is not so small, the cubic torus is more robust than the quadratic torus. This is quite different from the result found by Bollt and Meiss. The present work suggests that the universality does not hold in the high-dimensional case.
The geometrical structure of the chains of whiskered tori is successfully visualized by the distribution of the rotation vectors. It is elucidated that the stability of the orbits depends not only on the distance in the phase space, but also on some implicit relations between neighboring tori with different rotation vectors. The detailed structures of the whiskered tori will give a new aspect of Arnold diffusion in high-dimensional systems.
